We study the charge-density wave phase in TiSe2 by using first principle calculations. We show that, regardless of the local functional used and as long as the cell parameters are in agreement with the experiment, density-functional calculations are able to reproduce not only the structural instability of TiSe2, but also the effective distortion observed in the experiments. We study the electronic structure evolution of the system under the charge-density wave deformation. In particular, we show that the energy bands for the distorted superstructure, unfolded into the original Brillouin zone, are in reasonable agreement with angle-resolved photoemission spectroscopy (ARPES) data taken at low temperature. On the contrary, the energy bands for the undistorted structure are not in good agreement with ARPES at high temperature. Motivated by these results, we investigate the effect of the correlation on the electrons of the localized Ti-d orbitals by using the LDA+U method. We show that within this approximation the electronic bands for both the undistorted and distorted structure are in very good agreement with ARPES. On the other hand, the U eliminates the phonon instability of the system. Some possible explanations for this counter intuitive result are proposed. Particularly, the possibility of taking into account the dependence of the parameter U from the atomic positions is suggested.
I. INTRODUCTION
The group IVb transition metal diselenide 1T-TiSe 2 (space group P 3m1) is a layered compound which has received considerable attention because of its interesting physical properties. In particular, below a critical temperature T CDW 200 K it undergoes a commensurate charge density wave (CDW) transition, with the formation of a 2 × 2 × 2 superlattice structure (space group P 3c1) accompanied by the softening of a zone boundary phonon and changes in the transport properties [1] [2] [3] . In spite of many experimental and theoretical studies, the driving force of this structural phase transition remains controversial. Several mechanisms have been proposed for the origin of the instability in TiSe 2 and they can be roughly classified into two main groups depending on the driving role played either by the electrons or by the lattice. In fact, a charge density wave occurs always simultaneously with a periodic lattice distortions, so with both a modification of the electron and phonon spectra, but it is unclear if what is observed is primarily an instability of the electronic system or of the lattice 4, 5 . To the first case belongs the excitonic insulator model [6] [7] [8] , where the CDW is essentially view as a many-body effect originated by the poorly screened hole-electron Coulomb interaction giving rise to a condensate of excitons and a consequent distortion. In the second family we find Peierls and Jahn-Teller band-type mechanisms 9, 10 , where the instability essentially comes from the electron-phonon coupling leading the a lattice distortion which lowers the total energy of the system. The CDW phase competes with superconductivity since TiSe 2 is not superconducting at low temperature, but CDW is suppressed and superconductivity stabilized either by Cu intercalation 11 or pressure 12 . For this reason, a deep and definitive understanding of the CDW occurrence would be interesting both for conceptual reasons and technological applications. In this paper we present the specific role of the electron-phonon coupling in the appearance of the CDW ordering. As already shown in Ref. 13 , thorough density functional theory (DFT) calculations it is possible to observe a structural instability at the L and M points of the Brillouin zone (BZ) consistent with a 2×2×2 (L) and 2 × 2 × 1 (M ) real space superstructure. Here we want to provide a deeper analysis of this instability in order to find the exact distortion predicted and compare it with the experimental findings.
The paper is organized as follows: in Sec. II we summarize the method and the parameters used. Then, in Sec. III, we present the ab-initio structural analysis of the TiSe 2 instability and CDW phase. Afterwards, in Sec. IV we analyze the electronic structure of the distorted phase. Particularly, we unfold the bands of the distorted phase into the undistorted BZ in order to compare the theoretical results with the data from an ARPES experiment. In Sec. V B we show the results of the LDA+U calculation. Finally, conclusions are presented in Sec. VI.
II. COMPUTATIONAL DETAILS
All calculations were performed within the framework of DFT using the Quantum ESPRESSO package 14 which uses a plane-wave basis set to describe the valence-electron wave function and charge density. For the exchange-correlation functional we used both the Perdew-Zunger local density approximation (LDA) 15 and the Predew-Burke-Ernzerhof conjugate gradient approx-TABLE I. Experimental and theoretical geometrical parameters of the system in the undistorted phase (cf. Fig.1 ): hexagonal lattice constant a, distance c between the layers, distance h between the Se and the Ti planes in a layer and horizontal projection R of distance between Se and Ti in an octahedron. The subscripts 'Exp' and 'Th' refer to the experimental and theoretical cell, respectively. Notice that for the undistorted phase R is fixed by the unit cell geometry (it must be equal to a √ 3/3 in order to obtain a null force along the planar direction) whereas this is not true anymore in the distorted phase (cf. Tab. VI). imation (GGA) 16 . In the second case, as adjacent layers in TiSe 2 are coupled by Van der Waals forces, we also considered a correction to the functional 17 which is aimed at describing more accurately this kind of interaction (GGA VdW ). In these cases the phonons have been calculated using density functional perturbation theory (DFPT) in the linear response 18 . We used a cutoff of 85 Ry and 850 Ry (1 Ry ≈ 13.6 eV) for the wave functions and the charge density, respectively; the BZ integration has been performed with a Monkhorst-Pack grid 19 of 24 × 24 × 12 k and a HermiteGaussian smearing of 0.01 Ry. The self-consistent solution of the Kohn-Sham equations was obtained when the total energy changed by less than 10 −10 Ry. We studied the system with internal theoretical coordinates (i.e. zero theoretical forces) and with both experimental and theoretical cell (i.e. zero theoretical pressure). The theoretical parameters have been obtained by relaxing the structure starting from the experimental parameters 20 until the forces on the atoms were less than 10 −3 Ry a −1 0 (a 0 ≈ 0.529177Å is the Bohr radius) and the pressure less than 0.5 Kbar. The values of the geometrical parameters obtained for different local functionals are reported in Tab. VI. In particular, as it can be seen, the distance between the layers is underestimated in LDA and overestimated in GGA whereas, as expected, the best agreement between theory and experiment is obtained by using the GGA VdW functional. In order to take into account the strong correlation effects due to the localized d orbitals of Ti, we also considered the LDA+U method in the simplified form described in Ref. 21, 22 . Since we consider one strong-correlated orbital and no spin, this adds a single additional parameter U .
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We essentially performed two kind of analysis. On one hand we calculated the variation of the phonon frequencies in L and M with the value of U for the experimental cell and theoretical internal coordinates obtained by relaxing the atomic positions for each value of U . In this case the phonon frequencies have been obtained by using the finite difference method in Ref. 23 for a 2 × 2 × 2 cell with a 1/66 0.015Å displacement of the atoms. A mesh grid of 24 × 24 × 12 k for the super-cell Brillouin zone and a Hermite-Gaussian smearing of 0.125 · 10 −2 Ry have been used for the related self-consistent calculations of the forces.
On the other hand we calculated, by linear response, a first-principle estimate of U for the LDA Exp case in the undistorted fase, through the difference between the screened and bare second derivative of the total energy with respect to the occupation of the Ti-d orbital 21 . For an input value U in , used to define the starting system, the linear-response calculation returns a different output value U out = U in but, in order to be consistent and replace the LDA interaction term with the corresponding Hubbard correction, the ideal case in which U in = U out ≡ U should be considered. In fact, even if it is a common practice to simply compute the ab-initio value of U in one step with U in = 0, this consideration can be relevant, especially if the LDA and LDA+U systems are qualitative different 24 . In our case, in particular, the effect of U is to open a gap between the bands with the result of obtaining, for U 4, a metal-insulator transition (see Sec. V B). For this reason we determined U with a self-consistent procedure starting from the unperturbed system (U in = 0) and using, step by step, the obtained U out as U in for the subsequent calculation. For each step we obtained the result first by performing the linear response calculation on a 2 × 2 × 2 cell and then extrapolating the outcome to a 6 × 6 × 6 cell (see Ref.
21 for details). With this procedure we converged in a few steps to the value U 3.902 eV. Since we decided to work with a fixed configuration, for all the steps we always kept fixed the internal coordinates equal to the ones obtained by relaxing the atomic positions with U = 0; moreover, in order to achieve a precision of 10 −3 eV for the converged value of U , we set the energy convergence threshold for self-consistency equal to 10 −14 Ry.
III. STRUCTURAL ANALYSIS OF THE CDW
In the BZ of TiSe 2 the three L points -L 1 , L 2 , L 3 -and the three M points -M 1 , M 2 , M 3 -are equivalent thanks to the three-fold rotation symmetry of the system (see Fig. 2 ). The vectors q Li and q Mi from Γ to L i and M i , respectively, have reduced components (cfr. Fig. 2 ):
(color online) Octahedral structure of TiSe2 in a layer. The Se atoms in the upper and lower plane are on circles of radius R at distance h from the Ti atoms plane. The value of the hexagonal lattice parameter a, the distance c between two layers (not shown) and h completely define the system (the value of R is fixed by the geometry in the undistorted phase). The rotational displacement of the Se atoms in a triple-q mode and the attraction (repulsion) exerted over the Ti atoms by two close Se's for ν > 0 (ν < 0) is also shown (see the main text for the definition of ν).
In L i and M i the small group is C 2h and the decomposition in irreducible representations is:
By using the Density Functional Perturbation Theory (DFPT) we computed the phonon frequencies at M and L. We found that in all the cases the lowest phonon mode has symmetry A u with frequency always imaginary except in the LDA Th case. The values for the phonon frequencies in the GGA A. Ab-initio analysis of the structural instability
The imaginary phonon frequencies in M and L correspond to a structural instability consistent with a 2×2×1 (M ) or a 2 × 2 × 2 (L) real-space superstructure. In order to study the 2 × 2 × 2 distortions which lower the energy we consider the corresponding supercell of the undistorted crystal (which has 24 atoms) and the 72 dimensional space V whose general element d ≡ d iα is the displacement of the i-th atom of the supercell along the cartesian coordinate α.ẑŷ
Brillouin zone of TiSe2. The right hand figure is the BZ as seen from above. The bi are the reciprocal lattice basis vectors. For the 2×2×2 superstructure the eight points Γ, A, L i and M i of BZ all refold to the Γ point. Thus, the space V is equal to the orthogonal sum of the corresponding nine dimensional subspaces
whose vectors describe distortions with a definite modulation character with respect to the original 1 × 1 × 1 unit cell of the undistorted phase. In particular V Li and V Mi are made of plane-wave lattice distortions with wave vector q Li and q Mi , respectively, that is distortions having the atomic displacement of the k-th atom in the l-th unit cell given by:
where R l is the l-th lattice vector and k gives the amplitude of the displacement for the k-th atom in the unit cell of the origin. If E(d) is the energy of the system per supercell as a function of the 2 × 2 × 2 distortion, in the harmonic approximation it is:
and by grouping the two indeces (iα) ≡ I we obtain a real-symmetric 72 × 72 matrix C IJ which has N = 72 couples of real eigenvalues and eigenvectors (λ, d (λ) ), so that for the distortion d (λ) the system has the variation of energy:
where
is the euclidean norm of d (λ) . A negative eigenvalue corresponds to a displacement which lowers the energy of the system. By using the DFPT we calculated C IJ and subsequently we diagonalized it. Because of the symmetry, we obtained the same spectrum for the three spaces V Li and the three spaces V Mi with the corresponding displacements related by threefold rotations. Consistently with the phonon analysis we found, for each of these space, two eigenspaces with symmetry A u , one of them with negative eigenvalue. Since we are interested in the instabilities of the system we focus on this kind of distortions.
B. The Au distortions
The displacements A u , for a point L i or M i , are transversal to the direction of propagation q, planar (i.e. with zero component outside the xy-plane) and opposite for selenium atoms Se 1 and Se 2 on two adjacent wavefronts. We indicate with −ν the ratio between the displacements of the titanium atoms on a wave-front and the selenium atoms Se 1 on an adjacent wave-front:
Thus, the sign of ν indicates if the displacement of two adjacent Ti and Se front waves are in phase (ν < 0) or out of phase (ν > 0) (see Fig. 3 ).
These modes form a two dimensional vector space 2A u made of displacements along a fixed line, where the only two free parameters left are the values of the shifts. We indicate with δTi the shift of the Ti atoms on a displacement wave-front along a given direction and with δSe the displacement of the Se atoms on an adjacent wave-front along the opposite direction (see Fig. 3 ). It is ν = δTi/δSe. By using the two parameters δTi, δSe the space 2A u can be represented as in Fig. 4 . By symmetry, two displacements with opposite values for both δTi and δSe are equivalent whereas by changing the relative phase between the shifts of the Se and the Ti atoms we obtain two different configurations. In fact, a significant parameter is the ratio ν which identifies a one dimensional subspace A u (ν) of 2A u . Therefore, a general d ∈ 2A u is uniquely identified either by ν and d or, for example, by ν and δTi (δSe).
Each of the two orthogonal one-dimensional eigenspaces of symmetry A u found by diagonalizing C IJ is characterized by a specific value of the ratio, one positive and the other negative. In fact, it can be shown that two generic one-dimensional subspaces A u (ν 1 ) and A u (ν 2 ), corresponding to different values of the ratio ν = ν 1 and ν = ν 2 , are orthogonal if and only if ν 1 ν 2 = −2. We found that, in all the studied cases and in both the points M and L, the A u with the smallest eigenvalue λ corresponds always to the positive ratio ν > 0, that is to the out of phase distortion. The values found for the smallest λ and the corresponding ν in the point 
A u (L 3 and M 3 ) . The factor √ 2 on the horizontal axis comes from the two Se atoms in the unit cell and it is necessary in order to convert the orthogonality condition in 2Au into the euclidean orthogonality on the diagram. A line on this plot represents a one dimensional subspace Au(ν) with a specific ratio ν = δTi/δSe. As an example, the two orthogonal vectors corresponding to the Au distortion modes of the GGA VdW Th case are drawn. The point corresponding to the CDW distortion experimentally observed 1 is also drawn. an initial parabolic decrease, starts departing from the harmonic regime, reaches a minimum and then increases (cf. Fig. 5 ). The minimum along this energy path corresponds to the configuration which gives the most stable structure obtainable with that kind of distortion. In
return different results as for finite displacements the symmetries of the lattice are not preserved.
C. The single-point and triple-point patterns
The displacement pattern of type A u characterized by a unit vectord Li Fig. 5 we show, for the several studied cases, the energy path for the single-q patterns in L and M . As we can see the distortion of type L returns always a structure more stable than the distortion of type M , except in the GGA Th case where the two energy patterns approximatively coincide, meaning that the interaction between layers plays a not negligible role in the minimization of the total energy unless their distance is large enough. Moreover, as long as the cell dimensions are comparable, we find similar results irrespective of the local functional used. Instead in the GGA Th case, where the volume of the unit cell is larger (see Tab. VI), the energy gain due to the distortion is higher. These considerations leads to the conclusion that the suppression of the instability in the LDA Th case is ascribable to a pure volume effect, since the LDA theoretical unit cell is smaller than the experimental one (see Tab. VI).
The pattern characterized by the unit vectorsd 3L and d 3M obtained by combining the three directionsd Li and
In fact, by definition, a general triple-q distortion of type L (M ) is obtained by superimposing, with equal weights, three A u distortions for the points L i (M i ) having the same values of δTi and δSe. In a layer, the shifts of the atoms in a 3q distortion can be described by considering the TiSe 6 octahedral structure of the system 25 (see Fig. 1 ). We distinguish two kinds of Ti and Se atoms: in one the Ti(α) atoms do not move and are in the middle of an octahedron Ti(α)Se(α) 6 where the three Se(α) atoms above Ti(α) and the three Se(α) atoms below Ti(α) rotate with opposite direction. Thus, there are couples of Se(α)'s which become closer and, depending on weather the component three modes have ν > 0 or ν < 0, they attract or repulse a Ti(β) atom (in the first case, as a consequence, we observe a Ti(β)-Se(α) bond shortening and the formation of three-atoms clusters Ti(β)Se(α) 2 in the system). In the distortion we also have Se(β) atoms which are not involved in any rotation (they are originally in octahedra centered around Ti(β) atoms) but stay in their position.
For an adjacent layer, depending on whether we are considering a 3q M or a 3q L distortion, the displacement of the atoms is the same or the opposite one (i.e. in the 3q L case if in one layer the Se(α)'s on the upper plane and lower plane show a clockwise and a counterclockwise rotation the opposite happens in an adjacent layers, respectively). Two 3q distortions with ν > 0 and ν < 0, in a layer and view from above, are shown in Fig. 3 . 
D. The CDW distortion
In their seminal paper Di Salvo and coworkers stated that, according to neutron-diffraction measurements and symmetry considerations, the lattice distortion experimentally observed with the CDW is a 3q L mode with ν > 0, with data taken at 77 K which best fitted with the values 1 :
for the displacements of the atoms in the single L i component modes. These values correspond, for the complete 3L pattern, to the displacements:
for the Ti and Se atoms which actually move (in a 3q mode not all the atoms move). The experimental values for the displacements in a single q Li component mode are also shown on the diagram in Fig. 4 and correspond to the experimental estimate for the ratio:
Motivated by these experimental results we calculated the energy pattern of the 3q L mode in V − L for the several studied cases. Moreover, in order to study the role played by the interaction between layers, we also calculated the energy pattern of the 3q
The results are shown in Fig.5 . As we can see a triple-q pattern returns always a structure more stable than the corresponding single-q displacement and it is always the 3q L distortion wich gives the lowest energy (except in the GGA Th case where the modes 3q L and 3q M are almost degenerate). Moreover, as for the single-q patterns, when the cell dimensions are comparable we find similar results, irrespective of the local functional used.
In Tab. V we report, for the minimum point of the 3q L energy pattern, the values of the energy variation (per supercell) and the shift of the atoms (for the component A u single-q L modes) with respect to the undistorted crystal. The values of the displacements for the several cases, compared with the experimental result, are also shown in Fig. 6 (which corresponds to a portion of the diagram in Fig. 4) .
The fact that a 3q L pattern gives a structure more stable than the single q L pattern is in agreement with the experimental findings but, in order to demonstrate that the ab-initio calculations are able to predict the experimental results, it is necessary to go further and demonstrate that the 3q L pattern gives the most stable structure among all the possible distortions in V − L . Since we expected analogous results in all the cases analyzed we just considered the GGA VdW Th one. In order to accomplish the task, we should have considered a uniform sample of the unit sphere in V − L and computed the energy path for an increasing modulus of the distortion along each of these directions. Instead, in order to reduce the workload, we just computed the energy of the system for distortions d having a fixed modulus d = D, where D = 0.146Å is a length approximately in half position between the minimum along the q Li and the 3q L patterns (cf. Fig. 5 ). In this way we only needed to scan the energy of the system for a uniform grid on the two dimensional sphere in V − L with radius D. We used the basisd Li to parametrize the space V − L and the fact that given a general vector d = 3 i=1 c idLi all the other vectors obtained from it by changing the sign of its components c i give equivalent distortions. Therefore, we considered only one octant of the sphere of radius D to obtain a general scan of the surface:
An heatmap plot of the results obtained is showed in Fig. 7 : our calculations confirm that on this sphere the 3q L pattern (which has components c i = D/ √ 3) returns, among all the possible patterns in V − L , the most stable structure. We conclude that, in the frame of the electronphonon interaction, by using first-principle calculations we are able to recover the CDW structural instability experimentally observed for TiSe 2 .
E. Optimization of crystal structure in the CDW phase
In order to find the equilibrium configuration for the distorted system we subsequently relaxed the structure starting from the configuration corresponding to minimum of the energy along the 3q L path. We relaxed the whole structure (cell and internal positions) or only the internal positions depending on whether we were considering the theoretical or the (fixed) experimental cell. This led to a further small gain in energy with respect to the undistorted phase (see Tab. VI).
As it can be seen from Tab. VII, the effect of the relaxation on the lattice parameters is quite small, with a relative variation of the order of 10 −3 . For the internal displacements we define the vectors in V, d min and d rlx , characterizing the atomic shifts from the undistorted phase to the minimum along the 3q L path in V − L and the equilibrium position reached after the relaxation, respectively (in the theoretical cell cases d rlx is the relative displacement with respect to the cell). A quantitative measure of the extent of the additional atomic displacements due to the relaxation is obtained by comparing the modulus and the direction of these vectors. The results are shown in Tab. VII and, as we can see, the two vectors are very similar (only slightly different in the GGA Th case), meaning that the relaxation does not give an additional huge displacement of the atoms.
The displacement of the atoms due to the optimization is obviously restricted by the symmetry of the distorted phase. The total displacements d rlx is mainly made of a 3q L distortion but it also has a small component which changes the value of R shown in Fig. 1 (the value of this parameter being not fixed by the symmetry, anymore) and modifies the distances h α and h β between the not equivalent Se(α) and Se(β) atoms and the Ti plane. As a consequence, in the distorted structure the upper (and lower) Se atoms of a layer are not on the same plane anymore (cf. also Ref. rlx , shifts δTi and δSe for the Au component of the atomic displacements, variation of R (see Fig. 1 ), and change of h for the two not equivalent atoms Se(α) and Se(β). First row: experimental measure of the displacement for the CDW phase with respect to the high-temperature phase 1 . particular, the updated values of δTi and δSe for the A u component of the displacement are also shown in Fig. 6 .
In conclusion, the energy gain and the A u component of the atomic displacements obtained in all the studied cases are similar for similar unit cell and the atomic shifts are not far from the experimental measures. In particular, the ab-initio calculations based on the electronphonon interaction predict the correct displacement pattern for the low energy distortion with the values of the atom displacements slightly underestimated (especially for the Ti). Only for the GGA Th case, which however uses cell parameters quite different from the experimental ones, we have found different results with, in particular, a larger atomic displacement and a larger energy decrease for the low temperature phase with respect to the other cases.
F. Chiral Charge-Density Waves
Quite recently, on the basis of tunneling microscopy 27 and x-ray scattering 28 measurements, it has been reported the existence of a second phase transition for TiSe 2 which follows the conventional CDW transition and occurs at temperature around 7 K below the T CDW . As we have seen, the conventional CDW transition is due to the superposition with equal weights of three modes describing a charge transfer process from Ti-3d to Se-4p orbitals and a related commensurate lattice distortion. The new type of transition is still given by the sum of these three charge transfer waves but with different relative phases, producing an helical distribution of charge along the z axis of the 2 × 2 × 2 cell. As a consequence, there are two possible, energetically degenerate, distributions of charge characterizing two chiral phases related by a mirror transformation. These are the so called Chiral Charge-Density Waves (CCDW) and a driving mechanism for chiral symmetry breaking it has also been proposed. 29 One of the most important features of CCDW transition is the reduction of the crystal symmetry from a threefold to a twofold rotation symmetry.
In our simulations we did not see any evidence for a phase different from the conventional CDW: the lowest total energy for the system was obtained by considering the superimposition of the three modes with equal weights. Nonetheless, we find worthwhile to stress that, by using a very simple argument, it is still possible to explain the existence of different chiral domains on the surface of a TiSe 2 sample (but not the change of symmetry). As shown in Fig. 1 , the CDW transition is characterized, in a cell, by a clockwise or counterclockwise rotation of the Se atoms in the upper layer (and the opposite for the Se in the bottom layer). Thus, for a cell, there are two possible degenerate but different CDW structures that cannot be superimposed solely with rotational transformations and this could naturally led to the formation, on the surface of a TiSe 2 sample, of two different chiral domains. We think that this aspect should be properly taken into account when the results of an experiment about the CCDW is interpreted. For the same reason, we believe that a simple surface experiment, like a scanning tunnel microscopy measure, could be misleading and that only a measure of the symmetry change of the crystal can prove the existence of a second phase transition different from the conventional CDW.
IV. ELECTRONIC STRUCTURE IN THE CDW PHASE A. Undistorted energy bands
In this section we discuss the evolution of the DFT band structure under the lowest energy distortion found in V − L . In Fig. 8 we can see the undistorted bands of TiSe 2 around the Fermi level (E F ) for an high-symmetry path (cf. Ref. 30 ). The atomic/orbital character of the bands is also shown (cf. Ref. 26) . In all the cases we find similar results: around the Fermi level there are only Ti3d and Se-4p derived bands with a narrow Ti-3d band which is almost entirely unoccupied except around the L point where it crosses the Fermi level and forms a hole pocket; moreover, two Se-p and Ti-d strongly hybridized bands cross the Fermi level. A qualitative difference is instead found for a narrow Se-4p band whose position mostly depends on the cell dimensions (in particular on the distance between the Se and the Ti atom planes) but not on the local functional used. In fact, as we increase the value of c we observe a lowering of the band maximum in Γ (in addition to an increase of the structural instability, as we have seen in the previous section). Nevertheless, as we will see, this band does not change during the distortion.
B. Energy bands and DOS in the CDW phase
We are interested in the evolution of the band structure induced by the 2 × 2 × 2 distortion. From now on we consider the cases LDA Exp and GGA VdW Th . With the subscript 'sc', set below the labels Γ, M, K of the special points in the BZ, we refer to the corresponding points of the 2 × 2 × 2 super-cell Brillouin zone (SBZ) which has the same shape of the BZ but half size.
In Fig. 9 we show the 2×2×2 bands, around the Fermi level, for an high symmetry line of the SBZ for the undistorted and distorted phase, the last one corresponding to the minimum of the energy along the 3q L distortion path in V − L . On formation of the superstructure we observe a neat change near the Fermi level with similar characteristics in the two cases. In particular, around Γ sc we find avoided crossings at the Fermi level and, just below it, the appearance of a (reversed) Mexican-hat structure due to the repulsion of bands having Ti-3d character (see Fig. 9 ). The Se-4p bands crossing the Fermi level around the wave vector (1/2)Γ sc M sc , instead, do not suffer any modification during the distortion, as anticipated. As expected, the change of the electronic dispersion around the Fermi leads to a change of the Density of States (DOS) as it is shown in Fig. 10 . On forming the superlattice structure the DOS decreases by around 40% at E F and a peak, essentially due to the Ti-4d orbitals, develops at 0.15/0.2 eV below E F . These effects have been qualitatively observed in some previous theoretical works (see Ref. 31 , for example, for a tight-binding study) and are, at some level, compatible with the change of the resistivity experimentally observed in the CDW transition 1 .
C. Energy bands folding and unfolding
The superlattice distortion doubles the original lattice periodicity of the system. In fact, each eigenfunction Ψ K,J of the distorted system has the pseudo-momentum Fig. 2) . The atomic/orbital character of bands is expressed by using different colors. Starting from the upper left-hand figure, the dimension of the cell along c increases clockwise. Only in the LDA Th case the system does not have an instability. K in the SBZ, which is one-eighth of the original BZ. Nevertheless, the function Ψ K,J is made of eight contributions ψ K,J ki which are functions pseudo-periodic on the original lattice and whose pseudo-momenta k i are obtained by unfolding K to the original BZ:
The spectral weights ω K,J ki :
can be used to evaluate the contributions to Ψ K,J coming from different points of the original BZ (see appendix A).
From geometrical considerations we see that in our case the SBZ can be unfolded into eight regions of the BZ centered around the points Γ, A, L i , M i , respectively, and we can use this property to label the corresponding unfolding weights. Moreover, due to the threefold symmetry of the system, for a point K it is convenient to sum the contributions coming from the three equivalent L i points, and the same for the contributions coming from the three M i points: in this way we have four contributions of type Γ, L, M, A depending on the BZ portion they came from. In Fig. 11 the weights of these four contributions on the bands are shown by means of a color code. In this way we easily recognize, for example, that the characteristic band configuration under E F in Γ sc has a pure L character.
A complementary method to describe the 2 × 2 × 2 distortion in the frame of the original translation sym- metry (and best suited to make a direct comparison with ARPES experiments) is to unfold the superlattice band structure from SBZ to the original BZ 32, 33 . This consists in plotting for the points k of a line in the BZ the energy bands E K,J of the distorted system with an intensity I K,J k equal to the spectral weights ω full opacity). In this way the displacement of the atoms is observed as a distortion, smearing and fade of the original bands, plus the appearance of new ghost bands. In Fig. 12 the unfolded bands with the orbital character are shown. In order to ease the comparison with the undistorted phase we also superimpose the unfolded bands on the original band structure. From these figures we can clearly see what is principal effect of the 3L distortion: the Ti-4d bands which were crossing the Fermi level now open a gap whereas the Se-3p bands essentially remain unaffected. Moreover we see the appearance of a ghost band in L which gives the characteristic structure we have already discussed.
V. COMPARISON WITH ARPES
A. LDA Exp and GGA
VdW Th
In the previous sections we analyzed the kind of distortion which lowers the total energy of the system and the consequent changes in the electronic structure as they are found by ab-initio DFT calculations. In this section we compare the results of the calculated band structure and the ARPES data taken from Ref. 34 . In Fig. 13 we show the DFT bands for the undistorted and distorted phases superimposed on the ARPES data taken at high (T = 300 K) and low (T = 35 K) temperature, respectively. Due to the indetermination of k z in the ARPES, and the substantial k z dispersion in the electronic structure, we consider the DFT bands along the two directions Γ − M and A − L in BZ. In the high temperature case we simply plot the bands along these two lines for the undistorted system and in the low temperature case we plot the 2 × 2 × 2 bands of the distorted structure unfolded to BZ along these two directions. In this second case, in order to ease the comparison with the underlying figure, we slightly enhanced the intensity of the unfolded bands by scaling the whole transparency by a factor f = 4:
As we can see, the effect of the distortion on the theoretical bands can be considered in reasonable agreement with the experimental data for the low temperature phase (in particular it is remarkable that the Mexicanhat found in L seems to reproduce an experimentally observed feature). Nevertheless, there are features in the bands which seem to be not compatible with the ARPES findings. This is even more evident for the high temperature phase since in this case the ARPES data are not in good agreement with the bands of the undistorted structure. In the second case, a possible reason for the mismatch could be the effect of phonon quantum fluctuations on the electronic structure, which are obviously stronger when we consider higher temperatures and which are not taken into account in our "zero temperature" calculations. More generally, a possible explanation for the not perfect agreement between ARPES and the calculated bands in both the phases could be the effect of the correlation due to the localized d orbitals of Ti (correlation which is not taken into account in a pure DFT calculation). We explored this possibility by using the DFT+U method (in particular the LDA+U method) and in the next section we show the results of this analysis.
B. LDA Exp +U
As explained in Sec. II, we considered the Hubbardlike correction to the electronic structure of LDA Exp . We used the experimental cell, the internal theoretical coordinates obtained with LDA and, on the top of this, the U correction for the Ti-d orbitals. The most evident effect of introducing U is to open a gap between the bands with the result of obtaining, for U 3.8 eV, a metal-insulator transition (see Fig. 14) . Motivated by this result, we found appropriate to estimate ab-initio the proper value of U by using a self-consistent procedure. In a few steps we obtained the converged value U = 3.902 eV for which the system is in an insulating phase with a small gap of approximatively 0.014 eV (see Fig. 14) . This result is in line with a recent observation 35 , although another optical experiment 36 ) has found a semi-metallic state in both the high-temperature and low-temperature phases. Nevertheless, the LDA Exp +U result seems to be closer to the experimental observations than the large negative gap obtained with pure DFT calculations.
We used the same value of U also for the distorted structure found in the LDA Exp case. We observe that the distortion has, on the electronic bands, the same qualitative effect already observed without U , the shift of the Ti-d bands now increasing the initial small band gap up to a value of approximatively 0.2 eV (see Fig. 9, 10, 11,  12 ). In the lowest panel of Fig. 13 we compare the calculated LDA Exp + U bands with ARPES data: now the theoretical results for both the distorted and undistorted structure are in very good agreement with experimental data taken at high and low temperature, respectively.
According to these results, the correction provided by U seems to solve even the last dubious results regarding the comparison between the DFT electronic structure and the experiment, in particular by giving a perfect match between the theoretical bands and the ARPES data. Unfortunately, a serious drawback of this approach is that the presence of U eliminates the instability.
In Fig 15 we show the lowest phonon frequency ω L (ω M ) in L (M ) as a function of U calculated by using the finite-difference method. When a phonon frequency ω is imaginary we conventionally indicate it with the negative value −|ω|. We considered the LDA system with experimental cell and internal coordinates now obtained by relaxing the atomic positions for each value of U . It can be observed that the frequencies, which are negative (i.e. imaginary) for U = 0 eV, increase as we increase U and begin to have a positive value around U 2.5 eV for ω L and U 1.5 eV for ω M . A phonons converged calculation with this method was revealed to be extremely costly, especially for values of U close to the metal-insulator transition, so we also explicitly verified that the total energy of the system increases as we move the atoms along the expected distortion pattern. We performed similar tests also for the other cases and we reached a similar conclusion: the DFT+U system is not unstable anymore for the value of U which seems to return the best agreement between the undistorted bands and the high temperature ARPES data (notice that this value is functional-dependent, U being not a physical measurable quantity).
At this point an intriguing question arises: on one hand it seems that we are able to correct the energy band structure by using U , but on the other hand the same correction spoils the prediction of the instability driven by the electron-phonon coupling, a prediction whose reliability, in turn, strongly depends on the correctness of the energy evaluation.
A first possible explanation for this apparent paradox could be in the simplistic approach used to describe the structural instability with U . In general, the energy of a DFT+U system (with cell fixed) is given by a function E (R i , U j ) of the atomic positions R i and the values U j for the orbitals. Moreover, for a certain atomic configuration R i we have a proper value U j = U j (R i ) for the Hubbard terms. So the total energy of the system as a function of the atomic positions, E(R i ), is given by:
and when we consider the forces and the force constant matrix (through the first and second derivative of E with respect to the positions R i , respectively) we should take into account the full dependency on the atomic positions. On the contrary, a commonly accepted procedure is to neglect the dependence of the Hubbard terms on R i and to move the atoms by keeping fixed the values of U j found for the undistorted system. This is the approach we considered in our study but its correctness seems to be questionable in this case since even a small variation of U (so small that it does not affect the energy bands position) leads to a total energy variation which is huge if compared with the energy decrease obtained with the distortion. For example, during the self-consistent calculation of U , we found that for ∆U 1 meV the system has a variation of the total energy ∆E 8 meV.
Therefore, in general, we expect that in order to make a proper structural analysis of TiSe 2 in the DFT+U scheme it is necessary to take into account the full position dependence (and consider that in the distorted phase we have two not equivalent Ti sites with, in principle, two different values of U ). But it also means that, for example, a careful study of the convergence of U with the size of the supercell used to perform the perturbative calculation should be done. Nonetheless, it seems that, in general, the precision required for the value of U (at least 10 −5 eV) is unrealistic and probably rules out the
LDA Exp + U = 3.9 In the high temperature cases the bands of the undistorted structure are plotted. In the low temperature cases the 2 × 2 × 2 bands of the distorted structure unfolded to the original BZ are plotted. The intensity of the unfolded ghost bands have been slightly enhanced in order to ease the comparison with the ARPES figure (see main text) .
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FIG. 14. (color online) Effect of U on the bands. In the last figure the vertical dashed line indicates the final self-consistent value U 3.9 eV, which corresponds to an insulating phase with a small gap of approximatively 0.014 eV.
use of a DFT+U method in this form.
A second consideration relies on the variation shown by the frequencies ω L (U ) and ω M (U ) with U . In fact, we observe a monotonic increase of these two quantities until the points A p and Γ p in Fig. 14 go below the point L p and the point M p , respectively; after that the value of the frequencies essentially remain constant. So it seems that U removes the instability because of the change in the relative positions of the bands. Thus, it could be impossible to maintain the lattice instability and, at the same time, reproduce the high temperature ARPES experiment. This would confirm the difficulty of predicting the high temperature energy dispersion with a DFT(+U ) band calculation.
VI. CONCLUSIONS
In this work we have presented a first-principle study of the charge-density wave in TiSe 2 by using first-principle DFT calculations. We have considered several local functionals and both experimental and theoretical cell parameters.
We have shown that the results are robust with respect to the local functional used, whereas they depend essentially on the distance between the layers, a larger distance corresponding to an higher instability. In fact, no instability is observed in the LDA case with zero theoretical pressure, in this case the distance between the layers being smaller than the experimental one. On the contrary, as long as the cell parameters are in agreement with the experiments, or even larger, the calculations reproduce not only the structural instability but also the triple-q L distortion observed in neutron diffraction ex-periments. We have also explicitly analyzed the role of the interaction between layers by considering distortions of type M and L. We have concluded that, in both the points of the BZ, is the triple-q distortion which always gives the most energetically favorable configuration, elucidating the importance of the in-plane displacements in order to lower the total energy. Nevertheless, as long as the layers are close enough to have a significant interaction, the L distortions are always more favorable than the M ones, meaning that the intra-layer interaction plays a not negligible role in the CDW transition.
We have also analyzed the changes in the electronic structure of the system with the CDW formation. In the experiment, the phase transition is accompanied by changes in the transport properties. We have found modifications in the calculated bands near the Fermi level, with a resulting depletion in the DOS, which are compatible with the changes measured in the resistivity. The bands for the superstructure have also been unfolded into the undistorted BZ in order to analyze their evolution with the phase transition and compare them with the findings of an ARPES experiment. We have shown that the unfolded bands of the distorted structure are in reasonable agreement with the low-temperature ARPES data. Nevertheless, the bands for the undistorted phase are in not good agreement with ARPES.
In order to correct the mismatch between ARPES data and band calculations we have explored the role of the correlation of the Ti-d electrons by performing an LDA+U calculation. We have estimated ab-initio, self-consistently, the value of the parameter U for the localized Ti-d orbital in the LDA Exp undistorted structure. For this value of U , the Hubbard-like correction opens a small indirect gap in the electronic bands of the undistorted phase, whereas a pure DFT calculations provides a semi-metallic configuration with a large negative gap. This result is compatible with some recent experiments. More importantly, the LDA+U bands are in very good agreement with the results of an high-temperature ARPES experiment. By using the same value of U for the distorted structure, we have shown that the CDW increases the size of the band gap. The unfolded bands of the distorted phase are also in good agreement with the low-temperature ARPES data.
The drawback of the LDA+U approach is that the U correction removes the instability, the phonon frequency in M and L becoming real as we increase the value of U . A possible explanation for this effect has been identified in the neglected, but in principle existing, dependence of the value of U from the atomic positions. On the other hand, the loss of the instability could be the correct result of the electronic bands displacement caused by the localchemistry correction given by U in TiSe 2 . This would be compatible with the suppression of the CDW observed in the ternary crystals TiS x Se 2−x for x > 0.95
1 . In fact, at variance with TiSe 2 , TiS 2 has no CDW instability, but the electronic structures of these two systems are very similar, the relative position of the valence and conduction band being the main relevant difference: while TiSe 2 is a small-gap semiconductor/semi-metal, TiS 2 is a semiconductor with a bigger gap.
In conclusion, we have shown that the CDW phase in TiSe 2 can be fully predicted by considering only the electron-phonon coupling and neglecting any electron many-body effect. An incongruence remains between the DFT bands and the experiments, especially for the high-temperature phase. The simple correction provided by the Hubbard-like U term corrects this aspect, but it doest not provide a fully coherent picture as it spoils the phonon instability. This represents an open issue which deserves to be examined in future studies.
and write:
where P ki is the projector on the space of the Bloch functions having pseudo-momentum k i with respect to R, that is P ki (Ψ K,J ) is a function ψ K,J ki (x) such that:
The square modulus of P ki (Ψ K,J ) is, by definition, the unfolded weight ω
In order to plot the unfolded energy spectrum along an high-symmetry line of BZ, for each k 0 of this line we considered the superstructure eigenvectors Ψ K(k0),J and eigenvalues E K(k0),J , where K(k 0 ) is the SBZ point where k 0 ∈ BZ fold into:
Notice that, properly speaking, k 0 and K(k 0 ) are not simple vectors: they represent classes of vectors defined up to the sum with an element in R and R sc , respectively; so even if the representatives k 0 and K(k 0 ) are equal they refer to different set of vectors. Then we plotted the bands E K(k0),J with intensity:
= 0 corresponding to full transparency (no band) and I K(k0),J k0 = 1 to full opacity.
Supplementary material: Electronic and vibrational properties of TiSe 2 in the charge-density wave phase from first principles
GEOMETRICAL PARAMETERS IN THE CHARGE-DENSITY WAVE PHASE
In this Supplementary Material we report the geometrical parameters for the distorted phase obtained in the studied cases. The crystal axes a, c of the hexagonal 2 × 2 × 2 supercell are in cartesian coordinates (Angstrom units). The atomic positions α i are given in crystal coordinates. For each case, we report both the set of parameters obtained first by minimizing the energy along the distortion path (a, c, α i ) and then relaxing the structure (a rlx , c rlx , α i rlx ). 
